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The structure of intermediate ribbon phases 
in surfactant systems 

by H. HAGSLATT*, 0. SODERMAN and B. JdNSSON 
Department of Physical Chemistry 1, Chemical Center, University of Lund, 

P.O.B. 124, S-22100 Lund, Sweden 

(Received 2 March 1992; accepted 18 April 1992) 

Intermediate phases consisting of elongated rods with a non-circular cross 
section (i.e. ribbons) that pack on a deformed hexagonal lattice are often formed in 
surfactant systems. The crystallographic lattice of such a ribbon phase can be either 
of oblique (or two dimensional monoclinic), primitive rectangular, centred rectan- 
gular or hexagonal symmetry, all of which are observed according to the literature. 
We have studied a ribbon phase that is formed in the dodecyl-1,3-propylene- 
bisamine/HCl/water system, by means of SAXS experiments, and a centred 
rectangular structure is obtained. In addition, we have reviewed, and partially 
reinterpreted, previously published results on the structure of different ribbon 
phases. 21 scattering data sets for ribbon phases of lower than hexagonal symmetry 
have been analysed. Both the centred rectangular (cmm) and the primitive 
rectangular (pmm) symmetry fit 10 of the data sets, whereas only a centred 
rectangular lattice can be fitted to the other 11 data sets. There is no experimental 
indication that supports the existence of an oblique ribbon (p2) phase. The 
underlying physical reasons for the observation that the centred rectangular 
structure is favoured are discussed in terms of a cell model approach. The 
energetically most favoured cell model has a centred rectangular symmetry (cmm), 
in accord with the experimental data, and is termed the hexagon-rod model. This 
model can be used to evaluate the dimensions of the deformed rods of the centred 
rectangular ribbon phase from scattering data and NMR data separately. One 
major advantage of the hexagon-rod model is that the smallest dimension of the 
aggregate is not required as an input parameter in the calculations. Axial ratios 
between 1.2: 1:l-2: 1 for the aggregates are obtained when this model is applied to 
SAXS, SANS and NMR data for the centred rectangular ribbon phase for none 
different systems. 

1. Introduction 
The normal hexagonal phase in surfactant systems consists of long cylinders of 

amphiphiles that are packed with a hexagonal symmetry [l, 21. At higher surfactant 
volume fractions a lamellar phase is often found in ionic surfactant systems [2,3]. 
Phases of these two symmetries have been extensively studied over the years and it is 
fair to state that we now have a good understanding of them [2,4]. However, several 
different phases are found at surfactant concentrations between those where the 
hexagonal and the lamellar phases are found [S-111, and presently there is a major 
interest in the study of these. A collective name for these phases is, due to their location 
in the phase diagrams, intermediate phases [5, 61. The hexagonal rods can change 
shape in that their circular cross-sections are deformed to a more or less elliptical shape 
[5-8,121, and the resulting aggregates are often termed ribbons [13]. The correspond- 
ing phases are commonly called ribbon phases, and they are the intermediate phases 

* Author for correspondence. 

0267-8292/92 $3.00 0 1992 Taylor & Francis Ltd. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
2
:
2
1
 
2
6
 
J
a
n
u
a
r
y
 
2
0
1
1



668 H. Hagslatt et al. 

Primitive rectangular ribbon phase, Pmm Primitive rectangular ribbon phase, pgg 

Oblique ribbon phase, p2 Centered rectangular ribbon phase, cmm 

Figure 1. Proposed structures for the ribbon phases of the two dimensional space groups: (a) 
pmm, (b) pgg, (c) p2 and ( d )  cmm, where a, b and p are unit cell dimensions and angle, 
respectively. 

that appear closest to the normal hexagonal phase [S-81. Other intermediate phases 
are the rhombohedra1 phase [9], different bicontinuous cubic phases [lo] and the 
tetragonal phase [9,11,14]. This work is concerned only with the ribbon phases. The 
first evidence for the existence of a ribbon phase was obtained by Luzzati and co- 
workers in 1960 [5,6]. A phase with a primitive rectangular symmetry, as determined 
by small angle X-ray scattering (SAXS) measurements, was found in four different 
binary surfactant/water systems, viz. potassium oleate, sodium oleate, potassium 
palmitate and potassium laurate. It was suggested that the phase consisted of elongated 
aggregates with elliptic-like cross-sections packed on a lattice with the two dimensional 
space group pmm (see figure 1 (a)). Later on, Hendrikx and Charvolin [7] performed 
SAXS measurements on the sodium decyl sulphate/l-decanol/water system and 
obtained data that could be indexed on a centred rectangular lattice, and suggested the 
space group cmm (see figure 1 (d ) ) .  

The first direct proof in favour of the ribbon-like shape of the aggregates were 
reported by Chidichimo et al. [12], in the three component systems potassium 
palmitate/potassium laurate/water and sodium decyl sulphate/l-decanol/water. With 
'H NMR measurements on D,O and potassium palmitate-d,, powder patterns having 
non-zero asymmetry parameters were obtained for the intermediate phase [ 12,151. 
This observation was interpreted in terms of a phase consisting of ribbon-like 
aggregates [12]. AlpCrine et al. [16] showed by small angle neutron scattering (SANS) 
that sodium decyl sulphate and 1-decanol (in the ternary system with water) are not 
uniformly distributed within the deformed elongated rods of the centred rectangular 
phase. The decanol content is higher at the central parts of the aggregates, than at the 
more curved edges. In 1987, Hendrikx and Charvolin [8] published evidence for a non- 
rectangular packing of ribbon-shaped elongated aggregates. Neutron scattering 
experiments indicated that a part of the hexagonal phase of the sodium decyl 
sulphate/l-decanol/water system consists of deformed aggregates. 

An oblique (or two dimensional monoclinic) packing of the ribbons has been 
proposed as well (see figure 1 (c)), for the sodium dodecyl sulphate/water system [IS, 171. 
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However, on the basis of SAXS measurements on this system, Auvray et al. [18] have 
recently proposed a centred rectangular symmetry for the ribbon phase. In the 
hexadecyltrimethylammonium bromide (CTAB)/water \system Auvray et al. fitted 
both an oblique lattice and a centred rectangular lattice to the obtained SAXS data 
[19]. An oblique phase with circular cylinders has also been proposed [20,21]. 

It is the aim of this paper to discuss the experimental evidence concerning the 
different structures of the ribbon phases, and to discuss their formation from a 
thermodynamic point of view. To this end we have studied the dodecyl-1,3-propylene- 
bisamine/HCl/water system, where an intermediate ribbon phase is found. The impetus 
for studying this system is the fact that the average charge of the surfactant can be 
varied from 0 to +2, thus providing means to investigate the influence which the 
surfactant charge has on the properties of surfactant systems. The investigations are 
based on SAXS measurements on the ribbon phase in this system, but also on 
previously published SAXS, SANS and NMR data on ribbon phases. Some of these 
data will be partially reinterpreted. 

2. Experimental 
2.1. Materials 

Dodecyl-1,3-propylene-bisamine (DoPDA), CH,+CH,), ,-NH+CH,),-NH,, was 
obtained from Berol Nobel, Sweden. The diamine surfactant has a purity better than 97 
per cent, as checked by gas liquid chromatography and 13C NMR, the rest mainly 
containing diamines with somewhat shorter or longer alkyl chains. The dihydrochl- 
oride form was prepared by adding a solution of the diamine in ethanol to a surplus of 
HCl, also dissolved in ethanol. The precipitated dodecyl-1,3-propylene- 
bisammoniumchloride (DoPDAC) crystals were washed with water and used without 
further purification. The chloride content in the DoPDAC was determined by 
elementary analysis to be 22.5 wt%, which is equal to the theoretical value. DoPDA and 
HC1, with a 1 : 1 molar ratio, were dissolved in water and the solution was freeze dried in 
order to yield the mono-hydrochloride of the alkyl diamine. A chloride content of 
13.0 wt% was obtained for this compound, corresponding to 1.02 HCI molecules per 
surfactant molecule. By using appropriate mixtures of the three alkyl diamines with 
different hydrochloride contents the three component system DoPDA/HCl/water can 
be conveniently investigated. For simplicity we name the resulting diamines (DA) by 
their hydrochloride content, z(0 < z < 2), for example dodecyl-1,3-propylene- 
bisammoniumchloride (DoPDAC) will be referred to as DA + 2. 

The densities of DA + 2 and DA + 1.02 were measured by an Anton Paar Density 
Meter DMA 46 to be 1 , 0 1 8 g ~ m - ~  and 0 9 5 3 6 g ~ m - ~ ,  respectively, in the con- 
centration range of0-15 wt%, corresponding to surfactant volumes, V,, of 514.4ii3 and 
487-3A3 for the two cases. We have assumed the surfactant volume to be a linear 
function of the hydrochloride content, and thus V,(z)/A3 = 458.8 + 27.742. 

2.2. Phase diagram 
Samples were prepared by adding the components directly to glass tubes that were 

then flame sealed and homogenized by repeated heating and centrifugation back and 
forth. The samples were then equilibrated for at least one month at room temperature 
before being investigated by means of optical microscopy, 2H NMR measurements on 
heavy water and X-ray measurements. 
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-3 k H z F  -3 k H z F  
(4 (4 

Figure 2. 'H NMR spectra from heavy water obtained from (a) the hexagonal phase ( q = O )  and 
(b) the centred rectangular phase (q  # 0) in the dodecyl-1,3-propy1ene-bisamine/HC1/D20 
system at 25°C. The composition of the samples are DA+ 1.02/50 per cent and DA 
+ 1.02/54 per cent, respectively. 

2.3. 'H N M R  measurements 
The 2H NMR measurements of heavy water were performed on a Bruker MSL-100 

spectrometer operating at 15.371 MHz. The 'H NMR method is an important tool in 
the determination of phase diagrams in surfactant systems [22], since the quadrupolar 
spectra (cf. figure 2) are in general different for different phases [22]. This follows since 
the bandshape of the spectra reflects the structure of the hydrophilic/hydrophobic 
interface. For phases, where the aggregates have an axis of symmetry with an order less 
than three, spectra with an asymmetry parameter (q) not equal to zero are obtained 
[12,15]. An example of the latter case from the system presently under study is given in 
figure 2 (b). For multi-phase samples, the spectra are simply the sum of the individual 
spectra for each phase weighted by their fraction of the sample. 

2.4. Small angle X-ray scattering (SAXS)  
To identify the different phases we have performed small angle X-ray scattering 

measurements at 25°C with a camera with pin hole collimation after Kiessig [23,24] 
and copper K, radiation that was nickel filtered. The sample to film distance was 
0.2085 m. When evaluating the diffractograms, the values of the Miller indices for the 
appropriate space group were first assigned to the Bragg spacings obtained from the 
films. Subsequently, the best values of the unit cell dimensions were obtained by 
minimizing the sum of the squared differences between the observed and calculated 
Bragg spacings. 

3. Results and discussion 
3.1. Nomenclature 

The symmetry of a phase is not uniquely determined by the structure of its 
aggregates. For example, prolate micelles can form cubic [ 10,25,16] and nematic 
phases [27], in addition to a micellar solution phase [28]. Conversely, from the 
symmetry of the phase alone, little can be said about the aggregation structure. This is 
seen for example, for the cubic phases, which can be either bicontinuous of several 
different space groups [lo], or discontinuous (packed micelles) [lo, 261. For cases, 
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The structure of ribbon phases 67 1 

where the symmetry of the phase and the structure of the aggregates are both known, it 
is preferable that the name given to the phase reflects this fact. Thus, when it is possible, 
we name the ribbon phases of different symmetry according to this principle. 

3.2. The ribbon phase of the dodecyl-1,3-propylene-bisamine/HCllwater system 
In order to determine the phase diagram for the DoPDA/HCl/water system, 

samples were prepared with ordinary water replaced with heavy water, and sub- 
sequently the 'H NMR spectra were recorded in order to determine the phase 
boundaries. With this method, an intermediate phase with ribbon-like aggregates was 
found in this system and for which powder patterns with q # O  were obtained (see figure 
2(b)).  The intermediate phase (the compositions of the samples studied in the present 
work are given in table 2) is, by two-phase regions, in equilibrium with a lamellar phase 
at higher surfactant concentrations and with a hexagonal phase at lower surfactant 
concentrations. These three phases were investigated by means of SAXS measurements 
of single phase samples, as evidenced by their 'H NMR spectra. In this paper we give 
the results for the intermediate phase, whereas the other results will be reported on in a 
future paper which treats the phase diagram of the DoPDA/HCl/water system more 
extensively [29] .  

Four samples of different compositions in the intermediate phase were investigated 
by means of X-ray scattering, and in all cases the data could be indexed to a rectangular 
space group. For a two dimensional rectangular symmetry, the Bragg spacings are 
calculated from [30] 

where h and k are the Miller indices for the plane. For the centred symmetry (cmm), the 
restriction h + k = 2n, where n is an integer, has to be fulfilled, whereas .there is no 
restriction for h and k for the primitive structure of space group pmm. In the case of the 
primitive rectangular lattice of space group pgg the restriction is that h + k = 2n for h = 0 
or k=O. The unit cell dimensions, a and b, are defined as in figure 1. Both primitive 
(pmm) and centred rectangular lattices could be fitted to one of the data sets, whereas 
only a centred rectangular lattice would seem to fit the other three data sets (see table 2). 
An example is given in table 3, where it can be seen that the centred rectangular space 
group gives a better fit to the data than the primitive rectangular (pmm) one. 

Table 1. List of abbreviations for surfactants and cosurfactants. 

NaO Sodium oleate 
KO Potassium oleate 
KP Potassium palmitate 
KL Potassium laurate 
SDS Sodium dodecyl sulphate 
SdS Sodium decyl sulphate 
CTAB Hexadecyltrimethylammonium bromide 
CTAC Hexadecyltrimethylammonium chloride 
DoTAC Dodecyltrimethylammonium chloride 
DoPDA Dodecyl- 1,3-propylene-bisamine (DA + 0) 
DoPDAC Dodecyl-l,3-propylene-bisammoniumchloride (DA + 2) 
DA + z Dodecyl-1,3-propylene-bisamine + z HCl, 0 < z < 2 
dec 1 -Decanol 
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The structure of ribbon phases 673 

Table 3. Observed Bragg spacings (dabs) at 25"C, and results for the best pmm (d,) and cmm (d,) 
fits to the data. For the centred rectangular fit the cell dimensions are a = 111.8 b; and 
b =43$ A, whereas a = 557 A and b = 40.5 A for the primitive rectangular fit. The sample 
consists of 60.0 wt% of DA + 1.1 1 in D,O. The uncertainties are estimated from the width 
of the reflections. 

1 0 55.7 55.9k0.5 55.9 2 0 
0 1 405 407k0.4 408 1 1  
1 1 32.8 28.4 3 1 
2 0 27.9 28.0+02 28.0 4 0 
2 1 23.0 

22.1k0.2 21.9 0 2 
0 2 20.3 

Z(dfi, -dobs)2/bi' 0.82 005 

As we have mentioned, ribbon-like aggregates have been reported to pack on 
hexagonal [8,19], oblique [9,17,19], primitive rectangular [5,6,13,31] and centred 
rectangular lattices [7,16,18,19,32]. The system presently under study constitutes 
another centred rectangular ribbon phase. It is of interest to investigate the driving 
force behind the formation of the different ribbon phases. We therefore review the 
reported experimental evidence for each type of ribbon phase to obtain further insight 
into this problem. 

3.3. The hexagonal ribbon phase 
Hendrikx and Charvolin [S] have, on the basis of SANS measurements, suggested 

that the aggregates are ribbon-like in parts of the hexagonal phase of the sodium decyl 
sulphate/l-decanol/water system. This observation is supported by their SAXS 
measurements, since if the aggregates cross-sections are assumed to be circular, their 
radius would have to be greater than the fully stretched surfactant chain length [S], and 
would thus violate the alkyl chain packing constraint. This argument also holds for the 
rods of the hexagonal regions close to the rectangular phase in the CTAB/water [19] 
and dodecyl-l,3-propylene-diamine/HCl/water [29] systems. There is then a striking 
similarity between the transition from a micellar solution phase to a hexagonal phase, 
and the transition from a hexagonal phase to a lamellar phase. The hexagonal rods 
grow to ribbons before a lamellar phase is formed, just as spherical micelles become 
elongated before a hexagonal phase is formed [28]. Moreover, a cubic phase with 
prolate micelles sometimes occurs intermediate between the micellar prolate phase and 
the hexagonal phase [lo], in the same way as an intermediate ribbon phase can be 
formed between the hexagonal ribbon phase and the lamellar phase (one difference is 
the fact that other intermediate phases can sometimes be found between the hexagonal 
and lamellar phases). 

In view of the similarities between the micellar-hexagonal and the hexagonal- 
lamellar phase transitions just described, it would seem reasonable to assume that the 
more surfactant-rich parts of the hexagonal phases of different systems, are in general, 
of the ribbon type. 
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674 H. Hagslatt et al. 

Table 4. Observed scattering vectors, Qobs, and calculated for oblique symmetry, Qo, as 
presented in [9]. The unit cell dimensions, a = 48.8 A, b = 39.3 A and f i  = 114.1" (cf., figure 
1 (c)) were used for this case. QR is the result from a centred rectangular fit to the data, 
with unit cell dimensions a = 89.0A and b = 39.3 A (cf. figure 1 (d ) ) .  The composition of the 
sample was N 60 per cent SDS in D,O and the temperature was 55°C. The relationship 
between the scattering vectors, Q, and the Bragg distances, d ,  is: d := 2n/Q. 

1 0  
0 1  
1 1  
2 0  
1 - 2  
2 -2 
0 2  
3 0  
3 -2 

0.1410 
0.1752 
0.2660 
0.2820 
0.3198 
0.3487 
0.3504 
04230 
04250 

0.141 1 0-1412 
0.1751 0.1748 
0.2664 02654 
0.28 14 0.2824 
0.3188 0.3198 
0.3495 0.3495 

2 0  
1 1  
3 1  
4 0  
0 2  
2 2  

0.4240 0-4236 

3.2 x 3.3 x 10-6 

6 0  

3.4. The oblique ribbon phase 
An oblique phase (or two dimensional monoclinic phase) with elongated rods has 

been proposed to exist in the SDS/water system [9,17,20,21]. However, recently 
Auvray et al. [18] performed SAXS measurements of high quality on this phase, and a 
centred rectangular structure was fitted to the data: Our calculations (see table 4) show 
that a centred rectangular lattice can be fitted also to KCkicheffs and Cabanes data [9] 
on the SDS/water ribbon phase. Auvray et al. suggested that the ribbon phase of the 
CTAB/water system is of an oblique symmetry, but also showed that a centred 
rectangular lattice can be fitted to their SAXS data [19]. Thus, there is to our 
knowledge no convincing experimental evidence in favour of the existence of an 
oblique ribbon phase published so far. 

3.5. The rectangular ribbon phases 
There seems little doubt that there exists a rectangular phase with ribbon-like 

aggregates between the hexagonal and lamellar phases. Whether the phase symmetry is 
primitive or centred is not yet clear, and possibly ribbon phases of both symmetries 
exist. In order to investigate this matter we present in table 2 the symmetries that are 
proposed for different rectangular ribbon phases, as based on scattering experiments. 
The abbreviations for the different components are explained in table 1. For the cases 
where the scattering data are published, we have tried to fit both centred (cmm) and 
primitive (pmm) rectangular lattices (according to equation (1)) to the data, and the 
results are displayed in table 2. While some of the data sets do not contain enough 
information to distinguish between the pmm and cmm symmetries, only a centred 
rectangular lattice can be fitted to some data sets (see tables 3 and 5 for examples). 
Indeed, there is no data set that favours the pmm lattice over the cmm one. Thus, the 
scattering data presented here taken together favour a centred rectangular ribbon 
phase. Several authors have studied the potassium palmitate/potassium laurate/water 
system, in which a ribbon phase is reported to exist [12,33-361. The symmetry of the 
phase is, according to SAXS measurements, proposed to be primitive rectangular of 
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The structure of ribbon phases 675 

Table 5. Observed Bragg spacings (aobs) at 20°C for a sample that consists of 64.0wt% 
potassium oleate in water [S, The results from the best primitive rectangular (pmm), d ,  
(unit cell dimensions and b=41.9A) and centred rectangular (cmm), d ,  (unit 
cell dimensions a= 107.8A and b=455A) fits to the data are shown. 

1 0 53.9 53.9 53.9 2 0  
0 1 41.9 41.9 41.9 1 1  
1 1 33.1 28.2 3 1  
2 0 27.0 27.0 27.0 4 0  
2 1 22.8 22.8 0 2  
0 2 21.0 21.0 21.0 2 2  

C(dfi, - dobs)Z/A2 0.004 0.004 

space group pmm [37,38]. However, no single phase rectangular sample has been X- 
rayed, and thus the reflections from the ribbon phase are superimposed on reflections 
from the coexisting phase or phases, making the data difficult to interpret. Another 
published piece of evidence in favour of a primitive rectangular ribbon phase is a sweep 
electron microscopy investigation on the potassum oleate/water system, performed by 
Balmbra et al. [ 131. However, such a study on this system by Eins [39] shows a centred 
rectangular structure. 

To conclude, it would appear that the ribbon-like aggregates prefer to pack on a 
centred rectangular lattice (if not on a hexagonal lattice). In the next section we 
investigate whether this observation can be rationalized thermodynamically. 

3.6. Theoretical aspects on the symmetry of the ribbon phases 
In order to understand the occurrence of ribbon phases, we start this section with a 

discussion concerning some general features of the phase behaviour of surfactant/water 
systems. When a charged surfactant with a single hydrocarbon tail and water are mixed 
together, phases consisting of spheres, infinite cylindrical rods, or infinite lamellae are 
commonly obtained. Due to packing constraints (i.e. the limited length of the 
hydrocarbon tail), the surfactant headgroup areas, A,,, are roughly 75 A’, 50 A’ and 
25 A’, respectively, for these aggregate shapes [40]. A small head group area provides a 
small hydrocarbon/water contact area, but also leads to a high electrostatic repulsion 
between the charged head groups of the surfactants. The aggregate structure that 
provides the best compromise between these factors is that actually obtained (other 
factors may affect the situation more or less). Whereas the surface energy of the system 
is essentially proportional to the hydrocarbon/water contact area, the electrostatic 
energy is strongly dependent on the number ratio of counter ions to water molecules in 
the system. The less water in the system, the more efficient screening of the electrostatic 
potential of the aggregate surfaces can be provided by the counter ions. Therefore the 
sequence, micellar phase-hexagonal phase-lamellar phase, is very often obtained as the 
surfactant concentration is increased in binary surfactant/water systems [Z]. However, 
the stepwise decrease of A,, with the surfactant concentration just given is in 
contradiction to the continuous increase of the counter ion/water ratio as the 
surfactant concentration is increased. In order to provide a smoother decrease of A,, 
with the surfactant concentration, the aggregate radius may be somewhat bigger in the 
more surfactant-rich parts of each phase, than in its most water-rich parts [2,41]. 
Another way to provide a smoother decrease in A,, is to form aggregates with other 
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3) 
Hexagonal structure . 

Oblique StNctUle a~ : 

. .  
Primitive rectangular 
S1I"Ct"re 

Figure 3. (a) The deformation of the hexagonal lattice to a centred rectangular lattice and 
further to oblique and primitive rectangular lattices. (b)  Examples of cell models of these 
structures. 

symmetries than the three discussed so far. For example, spherical micelles may grow to 
prolate micelles and form a solution phase [28] as well as discrete cubic phases [25], 
before the hexagonal phase is formed. For the same reasons intermediate phases are 
found between the phases consisting of infinite cylindrical rods and infinite lamellae, for 
example, several different bicontinuous cubic phases, the tetragonal and the rhomboh- 
edral phases belong to this group, as well as the ribbon phases-the object of this paper. 

By deforming the cylindrical cross-section of the infinite rods, the surface to volume 
ratio of an aggregate with fixed smallest dimension is decreased (and thus Asp). This 
deformation is completely analogous to the deformation of spherical micelles into 
prolate micelles. In view of the discussion in the section on the hexagonal ribbon phase 
it is evident that the deformed elongated aggregates may stay packed on a hexagonal 
lattice, just as a solution phase may consist of prolate micelles. However, ribbon phases 
with lower than hexagonal symmetry are also obtained and we continue by discussing 
these from a thermodynamic point of view. 

The deformation of the hexagonal lattice into lattices of lower symmetry pertaining 
to ribbon phases is shown in figure 3(a). The hexagonal lattice can be divided into 
equilateral triangles with sides of length a. A deformation to a centred rectangular 
symmetry with isosceles triangles, with sides of length a and b, is obtained by stretching 
the hexagonal lattice in one direction. This lattice can be further deformed by shearing 
the layers with respect to each other, a procedure that results in different oblique 
structures, all of which have triangles with sides of different lengths (a, b, and c). Finally, 
a primitive rectangular lattice is obtained when one of the angles is 90". 

To investigate the free energy of surfactant systems it is fruitful to use an approach 
based on a cell model [4,42]. The volume of the system is then divided in cells of equal 
size with the condition that the shape of the cells should be such that the whole volume 
is filled when one cell is centred at every point in the lattice. One aggregate of a certain 
shape (not necessarily the same as that chosen for the cell) is then placed in every cell. 
When the cell model is applied to phases with elongated rods of either cylindrical or 
ribbon-like cross-sections, the simplest cell geometries would be those where the shape 
of the cells is approximated by hexagons or by parallellograms. The resulting structures 
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The structure of ribbon phases 677 

of the hexagonal, rectangular, and oblique phases are then typically modelled as in 
figure 3(b). This procedure leaves us with an infinite number of cell geometries. 
Moreover, the shape of the aggregates is not specified by the geometry of the cell. 
Clearly, this situation does not suffice to specify the phase structure and we would then 
ask the question as to whether some particular choice of geometry for the cells and the 
aggregates is more favourable for a system with ribbon-like aggregates, with regard to 
the Gibbs free energy of the system, than others. Today our theoretical knowledge of 
these complicated systems is not sufficient to perform such calculations in detail, but we 
can consider the most important contributions to the energy of the system. 

Experimental and theoretical results show that it is energetically advantageous to 
maintain a constant thickness of the water layer between the neighbouring aggregates 
[4], and to form simultaneously aggregates where the interfacial area is at a minimum 
(and with the added constraint that there are no head groups in the interior of the 
aggregates) [4]. These are general conditions, and we now investigate for which cell and 
aggregate geometries these two conditions are best fulfilled for a system with ribbon- 
like aggregates. In doing so we start by considering the aggregate geometry. We 
approximate the aggregate shape with that of a hexagon with as yet unspecified angles 
and side lengths. The choice of a hexagonal shape is dictated by the fact that this 
geometry is simple to treat and yet contains the main features of the real aggregates. 
The actual shape of the aggregate does, not of course, contain any corners but is of 
smooth and complicated geometry. 

In order to obtain the hexagon or parallelogram where the interface area is at a 
minimum we perform the following calculation. Let us fix the cross-sectional area of the 
aggregate, A,,, to a certain value, and let the smallest dimension of the aggregate, r, (cf. 
figure 6), be given by some length of the surfactant (not necessarily the all-trans length of 
the chain). We have calculated the envelope surface of the aggregates for different 
aggregational shapes (that is, by varying c1, B, and y in figure 4), with the constraints of 
fixed values for rs and Acs. Not surprisingly, it turns out that the envelope surface of the 
aggregate has its minimum value when ol=Oo, p=30" and y=120°. This result is 
independent of the chosen values for r, and A,,, and so holds for all systems with 
deformed aggregates that are approximated by hexagons. Thus we assign the value 
120" to all six angles of the hexagon representing the aggregate. The next step is to 
choose a geometry for the cell. 

Figure 4. The circumference of the hexagon with fixed r, and A,, has its minimum value for 
u=o", 8=30" and y=12o". 
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a = 120° 

b 

Figure 5. An illustration of the hexagon-rod model with the dimensions used indicated. 

(4 (d ) 
Figure 6. The approximations of the aggregate cross sections in (a) the rectangular-rod model, 

(b) the ribbon-rod model, (c) the elliptic-rod model and ( d )  the hexagon-rod model. 

Figure 7. The origin of the electric quadrupole moment outside a charged rod with a non- 
circular cross-section. 
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